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. Entropy — Mutual Information — Channel Capacity

Source Coding Theorem Channel Coding Theorem
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Some Basics of Information Theory Il #oxseaes

—  SUN YAT-SEN UNIVERSITY

Information Theory, founded by Claude E. Shannon (1916-2001)

via "A Mathematical Theory of Communication,” Bell System Technical Journal, 1948.

What is information?

How to measure information?

How to represent information?

How to transmit information and its limit?
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Some Basics of Information Theory
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Some Basics of Information Theory

|. Entropy

Random Variable (discrete): X
Realizations of X: z; E.Q., 71, -+, x,
Distribution of X: P(z);E.g., P(z,), -+ , P(z,)

H(X) =Ellog P(z) ']

— ZP(w)logb P(x)1 ---/ sym.

- Ifp = 2, H(X)is in bits/sym. {0,1} are utilized to form permutations to represent all possibilities
- Bit = binary + digit
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Some Basics of Information Theory

|. Entropy
Example:
X: A
2 1
P): 1
P : %
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HECE =20
H(X) = log,3bits/sym.

H(X) = log,b bits/ sym.
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Some Basics of Information Theory

|. Entropy

Random variables (realizations): X (z), Y (y)
Distributions: P(z), P(y), P(z,y), P(y|z), P(z|y)

H(X)Y) = El[log,P(z,y)']
H(Y|X) = E[log,P(ylz) ']
H(X|Y) = E[log,P(zly) ']
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Some Basics of Information Theory

|. Entropy

The Chain Rule

H(X,)Y) = HX) + HY|X)
= HY) + H(X|Y)

H(Xy, -, X)) = > HX|X,

i =1

Inequality states to appear

HX|Y) < HX) < HX,Y)

Xi-1)
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Some Basics of Information Theory

|. Entropy — Mutual Information

—> Channel |——>

I(X;Y) = HX) - HX|Y)
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Some Basics of Information Theory IVl #:x8ecex

|. Entropy — Mutual Information

H(Y|X)

I(X;Y) = HY) - H(Y|X)
EOEY ) = RS IO HiE0Y)

P(z,y) }
P(z) P(y)

=K |:10g2

If X, Y areindependent, I(X;Y) = 0
If H(X) ¢ HXY) (orH(Y) € H(X)),I(X;Y) = H(X) (or= H(Y))

LK1 00BEFERIR Sun Yat-sen University 100th Anniversar



- - 1924-2024
—

Some Basics of Information Theory Il fexe sees

meeesssssssss S UN YAT-SEN UNIVERSITY

|. Entropy — Mutual Information

The Chain Rule

#/
I(Xb < W Xm Y) i H(Xh T Xv) =l H(Xh ey Xv|Y)

= ZH(X'L|X17 L Xi—l) =0 ZH(XZ|X17 Ty Xi—l) Y)
=1 i=1

=R xSy e )
1=1
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Some Basics of Information Theory

|. Mutual Information — Channel Capacity

X Channel Y
P (y|z)

\ 4
v

C = max{I(X;Y)}

P(x)
P (y|z)
— max<E |lo
"o =Y PG P@)

The maximum information conveying capability of the channel (characterized by P (y|z)) can be reached
by adjusting the input distribution P(z) .
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|. Mutual Information — Channel Capacity

BSC:
X 1 Y
0 =t 0
Channel <:> p=Ply=0|2z=1)
P (yl|z) T A =] e )
1 1-p 1
1
When P(z = 0) = P(z = 1) = B)

C =1- H, (p)
= 1 - H(Y|X) bits / sym.
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Some Basics of Information Theory Il #oxseaes

|. Mutual Information — Channel Capacity

BEC:
Y
> (0
=e|z = 0)
Channel A
P(ylz) & e =30
> 1

When P(z = 0) = P(z = 1) =

L
2

¢ = 1 - pbits/sym.
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Some Basics of Information Theory

|. Mutual Information — Channel Capacity

AWGN: N: AWGN (continuous)

»

Channel X (discrete) l Y (continuous)
Plyggy? - [LACET - :

1) Baseband, and when X is Gaussian distributed
1 o3
C = 510g2<1 + U—X) bits / sym.

2
N

2) Band limited (carrier frequency: W Hz), and when X is Gaussian distributed

E
G = Wlog?(“’ WNO> bits / sec.

Note: E = 2Wo3, N, = 2032
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|. Mutual Information — Channel Capacity

AWGN: N
Channel
AL -

3) Finite modulation alphabet, and Baseband

X: {xla $2, B xu}

When P(z,) = -+ = P(z,) = %

v
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Some Basics of Information Theory

[1. Information Inequalities

Jensen’s Inequality

E[f(z)] < f(E[z])

Concave

f(Elz]) < E[f(2)]

Convex

The logarithm function,

lom/
/ concave

E[log.z] < log,(E[z])
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Some Basics of Information Theory

[1. Information Inequalities

Jensen’s Inequality => Maximum Entropy Distribution

H(X) = El[log,P(z) ]

< log,(E[P(z)*])

logs (i: P(z;)P(x;) 1)

log,u. bits/sym.

—~
QD
S

(@:when P(z;) = -+ = P(z,) = %
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Some Basics of Information Theory

[1. Information Inequalities

Fano’s Inequality™

Given X, Y e{X,, -, X},
P, = P(X+Y).

H(XlY) < HQ(Pe) + Pelogg(u = ].)

A casino setup: H, (P.)- # Information for eye blinking
P.log,(u — 1) - # Information for blinking left eye

*: used to prove Shannon’s channel coding theorem
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Some Basics of Information Theory

[1. Information Inequalities

Data Processing Inequality*

X Y Z
——— Proc. 1 Proc.2 |—

\4

X -Y-Z form a Markov chain
P(zlzy) = P(2ly)
P(zlyz) = P(zly)
1(X;2) < I(X;Y)
I(X;2) < I(Y;2)

* : used to prove Shannon’s channel coding theorem
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